The main result of this paper is a version of the Atiyah-Singer index theorem for Dirac-type operators on (noncompact) complete Riemannian manifolds. The statement of the theorem involves a novel "cohomology" theory for such manifolds. This theory, called exotic cohomology, depends on the structure at infinity of a space; more precisely, it depends on the way that large bounded sets fit together. For each cohomology class in this theory, we define a "higher index" of a Dirac-type operator, enjoying the stability and vanishing properties of the usual Atiyah-Singer index; these higher indices are analogous to the Novikov higher signatures. Our main theorem will compute these higher indices in terms of standard topological invariants. Applications of this index theorem include a different approach to some of the results of Gromov and Lawson [10] on topological obstructions to positive scalar curvature.
The concept of index that we will use involves the A^-theory functors K 0 and K x for operator algebras [3, 14] . Suppose that B is an ideal in a unital algebra C, and let T e C be invertible modulo B. (In the classical Atiyah-Singer index theorem, one takes C to be the bounded operators on the L space of some compact manifold, B the compact operators, and T an elliptic pseudodifferential operator of order zero.) Then T has an "index" in the ^-theory group K Q (B) (in the classical case this is just Z, and one recovers the usual Fredholm index). Now let M be a complete Riemannian manifold, possibly noncompact. 
(^(M)).
The concept of exotic cohomology is motivated by the construction of [18] . There it was shown that a partition of the manifold M, that is a compact hypersurface whose complement is disconnected, determines in a natural way a 1-dimensional cyclic class for Sf(M). It can be shown that HX l (M) is generated in a natural way by such partitions, so one can think of exotic cohomology as generalizing the partition construction to higher codimensions. There is, however, a significant difference: in contrast to HX l , the higher exotic cohomology groups depend on the metric, and not just on the topological, structure of M. For example, one can show that HX 2 (R 2 ) is 1-dimensional, but if M denotes the manifold, diffeomorphic to R , obtained by smoothly capping off a semi-infinite cylinder, then HX*(M) is trivial. Exotic cohomology is an essentially noncompact theory: every compact manifold has the same exotic cohomology as a point.
Given therefore an operator D of Dirac type on M and an exotic class cp in HX* (M) of appropriate parity, one can obtain a "real- It is then easily checked that cp is an exotic n-cocycle; and it can be proved that [<p] in fact generates HX*(M) as a real vector space. The main computational tool for HX* is a variation of the Cech approach to cohomology: Roughly speaking, whereas to compute ordinary cohomology one considers the Cech theory of successively finer coverings and passes to a direct limit, to compute exotic cohomology one considers the Cech theory of successively coarser coverings and passes to an inverse limit. In this way one can compute exotic cohomology in many examples, and one can prove, for instance, that if the Hausdorff distance d H (M, N) (in the sense of Gromov [9] ) is finite, then HX*(M) s HX*(N). M) ), where i = dim(Af) mod 2. (Strictly speaking, when i is odd we take K_ x rather than K { .) Now Connes [4] defines a pairing between A^-theory and cyclic cohomology, which we can use to pair Ind(Z>) with the Connes character of an exotic cohomology class. Our main result is then:
where the nonzero constant a depends only on q.
For q = 1 this index theorem incorporates the results of [18] . For q = 0 it is the ordinary Atiyah-Singer index theorem [2] . The proof uses some of the remarkable results of Connes and Moscovici
[6], specifically their application to cyclic cohomology of Getzler's [8] asymptotic pseudodifferential calculus and the resulting localized index theorem. 4 . CORONA SPACE Let M be a complete Riemannian manifold. In [12] , Higson introduced a compactification M of M, defined as the maximal ideal space of the commutative C*-algebra generated by smooth bounded functions f on M such that Vƒ -• 0 at infinity. Higson's compactification is related to, but is somewhat larger than, the Freudenthal compactification [7] . Let vM = ~M\M be the "corona" of M. Higson shows that there is a natural map
where the left-hand side is the A^-theory of the C*-algebraic closure Sf of %? and the right-hand side is the Khomology of the space vM. Dually, I prove that there is a "transgressed Chern character" Teh : Example. Let us use these techniques to reprove the famous result of Schoen and Yau [19, 20] , and of Gromov and Lawson [10, 11] that the torus T" has no metric of positive scalar curvature. Let M = R n , (p e HX n {M) the class defined in §1, and D the classical Dirac operator. Suppose the torus admitted a metric of positive scalar curvature. This would then lift to a metric on M, uniformly equivalent to the standard one-and hence having the same exotic cohomology. The index theorem of §3 shows that (Ind(Z)), xM) ^ 0 ; but it can be shown that [<p] e Im(Tch<g>R), and D has a bounded inverse by the Lichnerowicz-Weitzenbock formula [13] , so by the results of §4, (Ind(Z)), x[<P]) = 0-This contradiction establishes the result.
Note. These results were presented at a conference held at Boulder, Colorado, in April 1989. I am grateful to all the participants in the conference, and especially to Nigel Higson and Steven Hurder, for their helpful questions and remarks. Full details will appear elsewhere [15] .
